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The evolution of weak discontinuity is investigated on horizons in the n-dimensional static so- 
lutions in the Einstein-Maxwell-scalar- A system, including the Reissner-Nordstr6m-(anti) de Sitter 
black hole. The analysis is essentially local and nonlinear. We find that the Cauchy horizon is 
unstable, whereas both the black-hole event horizon and the cosmological event horizon are stable. 
This new instability, the so-called kink instability, of the Cauchy horizon is completely different from 
the well-known "infinite-blueshift" instability. The kink instability makes the analytic continuation 
beyond the Cauchy horizon unstable. 
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I. INTRODUCTION 

A "horizon" generally means a surface across which 
no information can pass. In gravitational physics, there 
are two important horizons, the event horizon and the 
Cauchy horizon. When the gravitational field is very 
strong, some light rays that are emitted outwardly may 
run inwardly later. The event horizon is traced out by 
critical light rays which escape to infinity. The region sur- 
rounded by the event horizon is called a black hole. The 
stability of the black hole against the perturbations out- 
side the event horizon has been well investigated 1] . On 
the other hand, the Cauchy horizon is the future bound- 
ary of the Cauchy development of a partial Cauchy sur- 
face so that the predictability of physics breaks down 
beyond the Cauchy horizon. See Ref. |2| for a rigorous 
definition of the event horizon and the Cauchy horizon. 

It was subsequently proved that spacetime singularities 
inevitably appear under general situations and physical 
energy conditions 0. Gravitational collapse is one of 
the physical processes where singularities must appear. 
In this context, a cosmic censorship hypothesis (CCH) 
was proposed by Penrose, which asserts that singulari- 
ties formed in generic gravitational collapse of physical 
matters cannot be observed; in other words, there are no 
naked singularities formed in physical gravitational col- 
lapse 0, Q . The Reissner- Nordstrom (RN) solution and 
the Reissner-Nordstrom-de Sitter (RNdS) solution have 
a Cauchy horizon as an inner horizon. Inside it there is 
a central timelike singularity. However, Penrose demon- 
strated that perturbations originating outside the black 
hole would be blue-shifted infinitely at the Cauchy hori- 
zon, which results in a "blue-sheet" singularity f^. It 
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was found that this Cauchy horizon is unstable against 
perturbations and transforms into a null weak curvature 
singularity 0, Qj IE IS E|- In the presence of a posi- 
tive cosmological constant, i.e., the RNdS solution, the 
Cauchy horizon is also unstable |^ 0| . 

The general proof of CCH is, however, far from com- 
plete, and many counterexample candidates have been 
proposed in the framework of general relativity [T5| . Un- 
derstanding the stability of naked-singular solutions gives 
clearly significant insight into the issue of CCH, and fur- 
ther analyses which involve the full non-linear perturba- 
tions are required. 

In this paper we study the stability of horizons against 
perturbations for a large class of static solutions. We 
consider the Einstein-Maxwell-scalar-A system in the n- 
dimension, which contains the Reissner-Nordstr6m-(anti) 
de Sitter (RN(A)dS) solution as a special solution. In 
recent years, higher-dimensional asymptotically anti-de 
Sitter spacetimes with spherical, plane, or hyperbolic 
symmetry play an important role as a bulk spacetime in 
the brane- world scenario 0| , so they are included in the 
analysis. The perturbation analysis is nonlinear and full 
order. This kind of perturbation is called a kink-mode 
perturbation. Similar stability analyses have been done 
in spherically symmetric self-similar solutions in Newto- 
nian gravity J^J and general relativity ITM ITol l 
and in the context of the stationary accretion-disk flow 
to a compact object j20j. 

The organization of this paper is the following. In Sec- 
tion II, basic equations are presented. In Section HI, the 
stability for the kink mode is analyzed in full order, and 
a stability criterion for this mode is derived. In Section 
IV, applications to known static solutions, such as the 
RN(A)dS solution, are presented and the implications of 
the kink instability of the Cauchy horizon are discussed. 
We adopt units such that c = 1 . 
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II. MODEL AND BACKGROUND STATIC 
SOLUTIONS 

We begin with the following n-dimensional Einstein- 
Maxwell-scalar-A system with the action: 
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(2.1) 



where R and A are the n-dimensional scalar curva- 
ture and the cosmological constant, respectively. k„ :— 
y/SirGn, where Gn is the gravitational constant in the 
n-dimension and gc is the gauge coupling constant of the 
Maxwell field F'^". 

The basic equations are given by 
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We consider n-dimensional spacetimes with the metric 



-fe^'^dv^ + 2e^dvdr + r^dnl_2, (2.7) 



where / = f{v,r), A — A{v,r), and dil^_2 = 
"fijdx^dx^ — 2 - ■ - n) is the metric of the (n — 2)- 
dimensional unit Einstein space, which includes the {n — 
2)-dimensional unit sphere, plane and hyperboloid. v is 
the advanced time coordinate so that a curve v = const 
denotes a radial ingoing null geodesic. Throughout this 
paper, we call the region with the smaller (larger) value 
of r "inside (outside) region." 

The Maxwell equations H2.3() can be easily integrated 
to give 
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where we only consider the electric field produced by a 
constant charge Q. Then the Einstein equations and the 
equation of motion for the scalar field reduce to the fol- 
lowing partial differential equations: 
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where a dot and a prime denote the partial derivatives 
with respect to v and r, respectively. Three of the above 
four equations are independent, k = 0, ±1 denotes the 
curvature of the {n — 2)-dimensional submanifold. 

In the static case, we assume that f = f{r),A = A{r), 
and (j) — (f>{r), and drop the terms with dots. Then 
Eqs. (|2.9() ~ (|2.12() reduce to a set of ordinary differen- 
tial equations. These equations are singular at r = rh, 
where /(rh) = 0. Along a future-directed outgoing null 
geodesic, we have dr/dv = f/2. Therefore, r = rh is 
a future-directed null geodesic and a horizon. The re- 
gion with / < is trapped. No information comes out 
from the trapped region across the horizon. The hori- 
zon is termed as transluminal , anti-transluminal , and 
degenerate for /' > 0, < 0, and = 0, respectively. 

We consider static solutions with at least one regular 
horizon. By the condition of the regularity of horizon, 
functions f, A, (jj and (j)' and their derivatives with re- 
spect to r are finite at the horizon. An example of the 
spherically symmetric static solution with analytic hori- 
zons is the 71-dimensional RN(A)dS solution, which is 
given by 
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where M and Q are constants related to the mass M and 
the charge Q of the black hole as 
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respectively, where S„_2 is the volume of the (n — 2)- 
dimensional unit sphere. 0o is the extremal point of the 
potential V. In this spacetime, the number of horizons 
varies depending on M, Q, and Acff and is always less 
than or equal to three. The RNdS spacetime with three 
horizons has, as shown in Fig. ^ a Cauchy horizon, a 
black-hole event horizon and a cosmological event hori- 
zon. There are other known black-hole solutions with 
analytic horizons, in which the effective cosmological con- 
stant Aoff is negative and the first term of the right-hand 
side in Eq. H2.13|l is replaced by or —1. They are called 
topological black holes, since the topology of the con- 
stant r surface is not 5'""^ TJ^e spacetime structure of 
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FIG. 1: A portion of the conformal diagram for the 
maximally-extended RNdS solution with three horizons. 
Zigzag lines represent the timelike central singularities, ^j"*"'"' 
corresponds to the future (past) null infinity. The black-hole 
event horizon (BEH) is the null hypersurface between Regions 
II and III. The inner horizon as a Cauchy horizon (CH) is that 
between Regions III and IV or IV'. The cosmological event 
horizon (CEH) is that between Regions I and II. Regions I, II, 
and III correspond to the exterior of the cosmological event 
horizon, the Region between the black-hole event horizon and 
the cosmological event horizon, and the Region between the 
inner horizon and the black-hole event horizon, respectively. 
Regions IV and IV' correspond to the interior of the inner 
horizon. 

these solutions has been investigated [2ll |2^ . Spheri- 
cally symmetric static black-hole solutions with the non- 
trivial configm'ation of a scalar field, i.e., a scalar hair, 
with a double-well potential, has been also found numer- 
ically both in four-dimensional asymptotically de Sitter 
and anti-de Sitter spacetimes, where the former is un- 
stable against spherical perturbations while the latter is 
stable |23|. 

III. KINK INSTABILITY OF HORIZONS 



they have finite one-sided limit values as r ^ rh — and 
r ^ Th -l- 0; (iv) no curvature singularities exist at the 
horizon at the initial moment. 

Now we consider the behavior of perturbations at the 
horizon. By the condition (i), the region outside the 
horizon remains unperturbed, i.e., it is described by the 
background static solution, because no information can 
propagate beyond the horizon. By condition (ii), 6A, Sf, 
6(1), and S(j)' vanish at the horizon so that 

SA' = (3.4) 

is satisfied at the horizon from Eq. H2.1U|) . From 
Eqs. (|TTT|l and 1S3I), 

lim /(b)(5/' = (3.5) 

r — >rii 

is obtained. Differentiating Eq. H2.10|l with respect to r 
and evaluating both sides at the horizon, we obtain 

^M" = kIcI)[^^6c^", (3.6) 

which means that SA" is finite because of condition (iii) . 
Differentiating Eq. 1)2.11(1 with respect to r, evaluating 
both sides at the horizon, and using condition (iii) and 
Eqs. we obtain 

\imj2fl^)Sf + /(b)(5/" + Sf"')] = 0. (3.7) 

Differentiating Eq. H2.12|l with respect to r, and using 
condition (iii) and Eqs. H3.4|l - H3.7|l . we find 

2e--^<'=)(50" + 2/('i,)(50" + hm f(^b)S(f>"' = (3.8) 

at the horizon. We can prove the third term on the left- 
hand side vanishes in the same way as in Appendix B in 
Ref. [ill ■ As a result, Eq. (|3.8|l becomes 

S^" ^-fl^^e^'-^Sr- (3.9) 

It should be noted that the perturbations are of full-order 
although this equation is linear. This is integrated to give 



We consider full-order radial perturbations 
Sf{v,r),SA{v,r), and S(f){v,r) in general background 
static solutions such as 

fiv,r) - .fi^){r)e'f(^'^\ (3.1) 
A{v,r) = A(b)(r)+M(z;,r), (3.2) 
(j){v,r) = (/>(b)(r) +(5(/)(u,r), (3.3) 

where /(b) , ^(b) > Sind (/)(b) denote a background static so- 
lution that satisfies Eqs. (|2.9I) - (|2.12|) . We consider per- 
turbations that satisfy the following conditions: (i) the 
initial perturbations only exist inside the horizon, i.e., 
r < rh] (ii) /, A, </), and </>' are continuous at the horizon; 
(iii) 4>" and 4>" ar^ discontinuous at the horizon although 



S(l>" cx e-"^ (3.10) 

where 

a:=/('b)e^<-). (3.11) 

Here we define instability by the exponential growth 
of discontinuity. Then we find the following criterion: 
anti-transluminal horizons, i.e., horizons with /' > 0, are 
stable, while transluminal horizons, i.e., horizons with 
/' < 0, are unstable. Degenerate horizons, i.e., hori- 
zons with /' = 0, are marginally stable. Irrespective of 
the form of the potential V{(t)), this stability criterion 
applies to any analytical and numerical solutions with 
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regular horizons. In the above, we have discussed the sta- 
bihty of horizons that are future-directed outgoing null 
geodesies. If horizons are given by future-directed ingo- 
ing null geodesies, such as a Cauchy horizon of RN(A)dS 
solution, we find serious coordinate degeneracy in the 
(w,r) coordinates. Hence, we need to reformulate the 
perturbation analysis using the (u, r) coordinates: 

ds^ = -Je^^du^ ~ 2e'^dudr + r^dnl_2, (3.12) 

where / = f(u, r) and A — A{u, r). it is the retarded time 
coordinate. Since the above form can be obtained from 
Eq. (|2.7|l through the coordinate transformation v = —u, 
the stability in terms of u should be reversed from that 
in terms of v. Therefore, the stability of horizons which 
are given by future-directed ingoing null geodesies are the 
following: anti-transluminal horizons are unstable, while 
transluminal horizons are stable. Degenerate horizons 
are marginally stable. In Appendix EI we demonstrate 
in the four-dimensional spherically symmetric spacetime 
that these perturbations are gauge-invariant up to linear 
order. 



IV. DISCUSSION 

We have obtained the stability of horizons in n- 
dimensional static solutions in the Einstein-Maxwell- 
scalar-A system without assuming the explicit form of 
the potential of the scalar field. The RN(A)dS solution 
is included in the analysis as a special case. The present 
work has shown for the first time the existence of the 
kink instability of horizons in static solutions in general 
relativity. The intriguing feature is that the kink insta- 
bility grows exponentially in terms of v. In contrast the 
kink mode perturbation blows up to infinity in a finite 
time in the self-similar perfect-fluid system with p = kfi 
(0 < /j < 1) in general relativity [T^ . 

The stability of solutions against kink-mode perturba- 
tion is determined only by the local property, i.e., the 
sign of /' at the horizon of the background static solu- 
tions. This criterion applies to a large class of horizons. 
For the RNdS spacetime, a black-hole event horizon is 
stable against the kink-mode perturbation. A cosmolog- 
ical event horizon is also stable. On the other hand, a 
Cauchy horizon is unstable. As a result, a wide class 
of solutions suffers from the kink instability. There is a 
significant difference here from the case of self-similar so- 
lutions where the black-hole event horizon is stable but 
the Cauchy horizon and the cosmological event horizon 
are not always unstable [T^ Hsf . 

We consider the implications of the kink instability of 
horizons. The initial perturbations of the kink mode are 
inserted only in the future of the horizons, and there- 
fore, this instability does not prevent the horizons or the 
naked singularities from forming. The kink instability 
implies that, if the analyticity of a horizon is violated 
even weakly, the perturbed spacetime is much different 
from that with an analytic horizon. Even so, this kind of 



instability does not cause the formation of a singularity 
on the horizon in finite time because the growth of the 
discontinuity is only exponential. 

An important example of kink-unstable horizons is the 
Cauchy horizon of the RN(A)dS solution, which asso- 
ciates with a timelike naked singularity. It is generated 
by the first future-directed null ray emanated from the 
naked singularity. If the naked singularity forms in a 
gravitational collapse, the information from the singu- 
larity, which is physically unpredictable, affects only the 
future of the Cauchy horizon, and the naked singularity 
may violate its analyticity. Then, the inside region of 
the Cauchy horizon is represented by a spacetime much 
different from that in the RN(A)dS solution. 

As a thought experiment, suppose that one drops an 
ideal small apparatus into the RN(A)dS black hole. In 
four-dimensional spherically symmetric case, the appara- 
tus never arrives at the regular Cauchy horizon because 
its back reaction to the spacetime actually disturbs the 
background before it reaches the Cauchy horizon and the 
Cauchy horizon is transformed into a null weak curvature 
singularity 0,|3jllji9i 10, 11, 12]. Here we assume that 
the ideal apparatus has so small mass that its back reac- 
tion to the spacetime can be negligible but can disturb 
the scalar field at any time. Then, it falls across the 
event horizon and reaches the Cauchy horizon. At this 
moment, if it disturbs the scalar field, so that the second 
derivative of the scalar field is discontinuous, the distur- 
bance grows up through kink instability and propagates 
along the Cauchy horizon at the speed of light. As a re- 
sult, the gravitational field inside of the Cauchy horizon 
is very much modified. 
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APPENDIX A: GAUGE-INVARIANCE OF KINK 
INSTABILITY 

We demonstrate in the four-dimensional spherically 
symmetric spacetime that the perturbations are gauge- 
invariant up to linear order. All notations here fol- 
low |23|. We write the spherically symmetric spacetime 
as a product manifold A4 = K'P x S'^ with metric 

g^,^ = A\a.g{gAB,r'^lab), (Al) 

where qab is an arbitrary Lorentz metric on Af^, r is 
a scalar on with r = defining the boundary of 
M^, and ^ab is the unit curvature metric on . We 
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introduce the covariant derivatives on spacetime A4, the 
subspacetime and the unit sphere S'^ with 



gAB\c = 0, 
gab-.c = 0. 

We denote a perturbed scalar field (j) as 



(A2) 
(A3) 
(A4) 



(A5) 



Hereafter we linearize the perturbation. 

The perturbation of the scalar field is transformed by 
a gauge transformation of even parity as 



(A6) 



where is a generator of the infinitesimal coordinate 
transformation. 

Spherically symmetric metric perturbations are writ- 
ten as 
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Sgab 
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where Hab and K are a tensor and a scalar on and 
K is a constant. For spherical perturbations, all gauge 
transformations we have for metric perturbations are 



hAB 

K 



hAB — {S.A\B 

K-2vA^^, 



+ Cb|a), 



(A9) 
(AlO) 



where va ■= r,A/f- Here, for simplicity, we have chosen 
the areal coordinate r as a radial coordinate, i.e., = r, 
for the background spacetime. 

Since 



VA 



(All) 



we have 



:{K-K), 



(A12) 



from Eq. (|A10(I . Using the fact that 0(b) depends only 
on r, we can construct the following gauge invariant per- 
turbation 



r d</'(b) 



(A13) 



When we choose the areal coordinate r as a radial coor- 
dinate in the perturbed spacetime, which is adopted in 
the main text of the present article, i^T = is satisfied 
so that the gauge invariant quantity $ is identical to Scj) 
in this gauge choice. For the gradient and higher deriva- 
tives of the scalar field, we can construct them just by 
covariantly differentiating $ on the background metrics. 
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